Abstract. We study several statistics for integer partitions: for a random partition of an integer n we consider the average size of the smallest gap (= missing part size), the multiplicity of the largest part, and the largest repeated part size. Furthermore, we estimate the number of gap-free partitions of n.
Introduction
The study of partition statistics can be said to have begun with Erdős and Lehner [3] in 1941, who studied questions concerning the normal, resp. average value over all partitions of n of quantities such as the number of parts, the number of different part sizes, and the size of the largest part.
To begin with, instead of looking at parts in partitions we will look at gaps, that is, at part sizes that do not appear in the partition. A partition of a natural number n is said to be gap-free if the part sizes occurring in it form an interval. This idea was studied for partitions of sets by Goh and Schmutz [4] , where it was shown that a majority of partitions of an n-element set are gap-free with respect to the sizes of the blocks. By contrast we show that gap-free integer partitions are scarce. In Theorem 2, we show that gap-free partitions are in fact close in number to partitions of n with distinct parts. The asymptotic of partitions with distinct parts was studied by Hua in [5] .
As almost all partitions of n do contain gaps, another statistic of interest is the size of the least gap. In Section 4 we derive generating functions for this, as well as asymptotic estimates given in Theorem 3.
We then turn our attention to the largest parts in partitions. As already mentioned, the size of the largest part in a random partition of n has been studied by Erdős and Lehner. In Section 5 we extend their investigation by studying the multiplicity of the largest part in a random partition of n. Since this multiplicity turns out to be 1 (see Theorem 4), it is natural to then study the largest repeated part size in a random partition of n. In Section 6 we show that the largest repeated part size is on average half the size of the largest part. Theorem 5 provides a more precise estimate.
Gap-free partitions
A partition of a natural number n is said to be gap-free if the part sizes occurring in it form an interval. In addition if the interval starts at 1, the partition is said to be complete.
Example. Of the 11 partitions of n = 6, there are 7 gap-free partitions 6, 3 + 3, 3 + 2 + 1, 2 + 2 + 2, 2 + 2 + 1 + 1, 2 + 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 + 1 and 4 complete partitions 3 + 2 + 1, 2 + 2 + 1 + 1, 2 + 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 + 1.
The generating function for complete partitions is
The last equality holds by one of Euler's partition identities. Thus we have the following result.
Theorem 1. The number of complete partitions of n equals the number of distinct partitions of n.
Combinatorial Proof. The conjugate of the Ferrers' graph of a complete partition gives a bijection with distinct partitions.
The asymptotic growth of distinct partitions is known. There is an exact and asymptotic formula similar to the famous Hardy-Ramanujan-Rademacher formula, which was given by Hua [5] . Now the generating function for gap-free partitions with largest part j is
Hence the generating function for gap-free partitions is
In this case if we transpose the Ferrers' graph of a gap-free partition we obtain Proposition 1. The number of gap-free partitions of n equals the number of partitions of n where the largest part may be repeated and all other parts are distinct.
Using this equivalence we get an alternative simpler generating function for gap-free partitions:
The sequence of the number of gap-free partitions of n for n = 1, . This is sequence A034296 in Sloane's Online Encyclopedia of Integer Sequences [9] . We use (2.1) to derive a formula for g(n), the number of gap-free partitions of n. Now for fixed j,
is the generating function for partitions of n with largest part of size j and smaller parts distinct. Denote by q(n, j) the number of distinct partitions of n with largest part j. Then
Summing over j gives the formula
The number of gap-free but not complete partitions of n is also of interest. This sequence is not in Sloane's Encyclopedia [9] .
Conjugation of the Ferrers' graph gives: The number of gap-free but not complete partitions of n equals the number of partitions of n where the largest part occurs at least twice and all other parts are distinct.
The generating function for this sequence is thus
(1 + z i ).
Asymptotic Estimates for gap-free partitions
In order to derive the asymptotic behaviour of gap-free partitions, we first investigate the inner sum in (2.2) for small k. From [11, Theorem 2] we have that
uniformly for
√ n log n + O( √ n) (the error term is not explicitly given in [11] , but can be derived by an immediate adaptation of the method used there). Inserting
Thus we have for k ≤ 4 log n
where
This sum is now a Riemann sum for the integral
The first derivative of the integrand is bounded by O((
Thus the difference between the integral and the Riemann sum is bounded by O((
The remaining sum in (3.3) is split into two parts which are estimated as follows:
by using (3.2).
Putting everything together we obtain for k ≤ 4 log n
We now split the range of summation with respect to k into four parts j q(n−j, j)+ 2≤k≤4 log n j q(n−kj, j)+ 4 log n<k≤6 n log n j q(n−kj, j)+ k>6 n log n j q(n−kj, j).
The first sum equals
by (3.6). The second sum is estimated by O(q(n)n −1 ) again using (3.6). For the third summand we observe that q(n − kj, j) = 0 if and only if (k + 1)j ≤ n ≤ j(j + 2k + 1) 2 .
The second inequality is satisfied only if j ≥ 4 √ n log n k (for k ≥ 4 log n and large enough n). The inner sum in the third sum has O(n/k) terms. Furthermore,
Thus we can estimate the third sum by
In the fourth sum we have O(log n) summands in the inner sum; each of these summands can be estimated by q(n)n −2 . Putting everything together we have proved Theorem 2. The number g(n) of gap-free partitions of n satisfies
Smallest Gaps in Partitions
We consider all partitions of the number n and investigate the average size of the smallest gap. That is, the least part size that is not present in the partition.
Example. 1 + 3 + 7 has least gap 2; 2 + 5 has least gap 1 and 1 + 2 + 3 has least gap 4.
Let r(n, k) be the number of partitions of n with least gap greater than k. Then
where P (z) := ∞ j=0 p(j) z j is the generating function for the number of partitions of n. Define ℓ(n) to be the sum of the least gaps over all partitions of n. Then
From the identity (cf. [1, (10.4.8)])
where Q(z) denotes the generating function of distinct partitions. The transformation formulae for Q(z) =
are given in [5] or can be derived from the transformation rules of P (z): for (h, k) = 1,
) (for k even) we have
for k odd, from which we derive that
where the implied constants are absolute. Now ℓ(n) can be written as
as in [8, p. 268] , where z runs on the circle |z −
on the arc between
and z 
for all terms with k odd and (h, k) = 1. Here I 1 denotes the modified Bessel function of index 1. Summing up we obtain the asymptotic expansion
where as usual in this context s(h, k) denotes Dedekind's sum
Using the arguments given in [5] the coefficients A k (n) can be identified as finite sums of Kloosterman sums. Weil's bound for these sums gives the estimate
, where σ 0 (k) denotes the number of divisors of k (cf. [6, 8] ). Combining this with the estimate I 1 (x) = O(x) for x → 0, this gives the bound
. This implies that the series in (4.5) is indeed convergent. Using only the first term of (4.5) and the asymptotic expansion (cf. [1] )
Thus we have proved Theorem 3. The sum ℓ(n) of the smallest gaps in all partitions of n satisfies
The quantity ℓ(n) satisfies the exact and asymptotic formula
where A k (n) is given by (4.6). The average size of the smallest gap is then given bȳ
Remark. As the referee pointed out to us, there is a proof similar to the proof of Theorem 2 for (4.7) and for the asymptotic equivalent ofl(n).
The sequence ℓ(n) for n = 0, . . . 25 is 1, 2, 3, 6, 9, 14, 22, 32, 46, 66, 93, 128, 176, 238, 319, 426, 562, 736, 960, 1242, 1598, 2048, 2608, 3306, 4175, 5248. This sequence occurs in Sloane's Encyclopedia [9] as A022567. The definition used there is (4.8).
Multiplicity of the largest part
Here we study the multiplicity of the largest part of a partition.
Example. The partition 1+3+4+6+6 has multiplicity 2 for its largest part.
By transposing the Ferrers' diagram of a partition with a unique largest part we see immediately that such a partition corresponds to a partition which has a part of size one. Thus the number of partitions of n with a unique largest part is equal to p(n − 1).
More generally, transposing the Ferrers' diagram of a partition with largest part of multiplicity k gives a correspondence to a partition which has its least part of size k. The generating function for partitions with least part of size k is
whilst the generating function for partitions with least part of size ≥ k is
.
Thus the generating function for the total multiplicity of the largest part, summed over all partitions of n is This sequence appears in Sloane's Encyclopedia [9] as A046746 under its alternative interpretation (via the Ferrers' diagram), as the sum of the smallest parts in all partitions of n.
The generating function
counts the partitions of n into parts ≤ k and the multiplicity of the part k is counted by the exponent of u. Thus the total multiplicity of the largest parts has the generating function
Thus we have proved the identity
From this we read off the formula for the total multiplicity t(n) of largest parts in all partitions of n
where p k (n) denotes the number of partitions of n in parts ≤ k. We notice that this formula is similar to (2.2). In order to obtain the asymptotic behaviour of t(n), we treat the sums
for fixed m ≥ 1. From [3] and [10] we have
√ n log n + x √ n and |x| = o(log n), C = π . Furthermore, from the asymptotic expansion of p(n) we get (5.3)
Putting ( 
Thus we have
Theorem 4. The average multiplicity of the largest part in a partition of n equals 1 as n → ∞.
Remark. Theorem 4 is also an immediate consequence of [2, Theorem 1].
Largest repeated part size
We study the largest repeated part size in a partition of n. In the case of the partitions with distinct parts we set the largest repeated part size to be 0.
Example. The partition 1+2+2+2+4+4+5+6 has largest repeated part size equal to 4.
